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Abstract

We present a conjecture on the generic Betti numbers of level algebras. We prove the con-
jecture in the case of Gorenstein Artin algebras of embedding dimension four, and in the case
of Artin level algebras whose socle dimension is large. Furthermore, we present computational
evidence for the conjecture. (©) 1999 Elsevier Science B.V. All rights reserved.

1991 Math. Subj. Class.: Primary 13D02; secondary 13A02; 13D40

1. Introduction

Level algebras — introduced by Stanley [20] — are often encountered in various
applications of commutative algebra, such as algebraic geometry and algebraic com-
binatorics. The level algebras of maximal Hilbert function among all level algebras
of given codimension and socle type are called compressed level algebras and fill a
non-empty Zariski open set in the natural parameter space.

Here we will study the Betti numbers of compressed level algebras. Though the
Hilbert function is known it is still very hard to determine the Betti numbers completely.
We give lower bounds for these Betti numbers and we conjecture that these bounds
are sharp.

For the coordinate ring of a generic set of points in projective space there is a similar
conjecture, the Minimal Resolution Conjecture, MRC, by Lorenzini [18]. Much work
has been done on the MRC including a recent result by Hirschowitz and Simpson [14]
stating that it holds if the number of points is large enough compared to the embedding
dimension.

The Minimal Resolution Conjecture implies part of our conjecture but there are also
some cases where it seems as the MRC does not hold while our conjecture still holds.
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In Section 3.4 we will show the relation between the case of compressed algebras and

the case of generic points.

We are able to prove our conjecture in two cases.

e When the socle is large we can apply the theorem on linear syzygies of generic
forms by Hochster and Laksov [15] to prove the conjecture.

e For Gorenstein Artin algebras of codimension 4, we use the Minimal Resolution
Conjecture for points in P? proved by Ballico and Geramita [1], and the embedding
of the canonical module of the coordinate of points as an ideal of a certain initial
degree to obtain the conjecture.

We also present extensive computational evidence for our conjecture in terms of

calculations done with the computer algebra system Macaulay [2].

1.1. Compressed level algebras

In this section we recall some notations and basic results on compressed level al-
gebras. References are larrobino [16, 17], Froberg and Laksov [10], and a joint work
with Laksov [5].

Setup 1.1. Let R =k[x,x2,...,%,] be the polynomial ring in » independent variables
X1,X2,...,%- over an infinite field £. We give R the natural grading by assigning all
variables degree 1. Denote by .#,; the monomials of degree 4 in R. For any k-subspace
V in R., we write

(V:Ry={acRylabeV, forall be R._4}, (1.1)

for d=0,1,... Let I be a homogeneous ideal of R and let 4=R/I. The socle of
A is defined by SocA={ac€A|ab=0, for all b in Ry}, where we look at 4 as an
R-module. We say that an Artin algebra 4 = R/I is level if its socle is concentrated in
one degree ¢, which is the highest non-empty degree of 4. Furthermore, 4 is Gorenstein
if dimy SocA=1.

Recall the following fact on level algebras (cf. [5, Proposition 2.4]).

Proposition 1.2. Le: 4 =R/I be a graded Artin quotient of R. Then A is level with
socle in degree c if and only if there is a subspace V C R, such that | :Gadzo
(V ZR)d.

We now recall the definition of compressed level algebra (cf. [16, 10]).

Definition 1.3. Let 4 be an Artin level algebra quotient of R with socle in degree c.
Then A is compressed if its Hilbert function is given by

Hy(d)=dim; 4y = min{dimy Ry,s dimg R._4}, (1.2)

for d =0,1,...,c, where s is the k-dimension of the socle.
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The Hilbert function of a compressed algebra A4 is the maximal possible among all
algebra whose socle is of the same type as the socle of 4. In fact there are compressed
level algebras, according to the following proposition (cf. [16,5, Theorem 3.4]).

Proposition 1.4. Let V be a codimension s subspace of R. in general position, and
let I =@ ,~o(V :R)s. Then A=R/I is a compressed Artin level algebra with socle of
dimension s in degree c.

2. Minimal free resolutions and Betti numbers

In this section we give the notations and basic results needed for working with level
algebras, minimal free resolutions and Betti numbers. A suitable reference for most of
this material is Cohen—Macaulay Rings by Bruns and Herzog [6].

Setup 2.1. Let R =k[x,x2,...,%,] be the polynomial ring in » independent variables
Xi,x2,...,X over k. Denote by wg the canonical module R(—r) of R. If M is an
artinian finitely generated R-module, we define the dual module MY as Hom,(M,k).
The module M"Y has an R-module structure defined by x¢(y)= ¢(xy) for all x,y €R
and all ¢ € M. The grading of MV is naturally given by M =Hom(M_,, k), for all
dc Z. Thus if M is graded by non-negative integers, M" is graded by non-positive
integers. In the same way we can define a graded R-module Homg(M, R) for all graded
R-modules M. We observe that k& is a graded R-module via the augmentation map
R —k, and thus it is zero except in degree 0.

Let M be a finitely generated graded R-module. By the Hilbert Syzygy Theorem [6,
Corollary 2.2.14] there is a finite free graded resolution

b i on o oh )
0 — PR(n,) = - 2 PR=n1) < PR(=10) > M0,
j=1 j=! j=1

(2.1

where by, by, ..., b, are the Betti numbers of M and {n, ;} are the numerical characters
of M, under the assumption that the resolution is minimal, i.e., if all the entries of the
matrices of §; are in the irrelevant maximal ideal m of R. The numerical characters
are uniquely defined by M if we assume that n;,;; > n;; (cf. [6, Proposition 1.5.16]).

In the following proposition we have collected some facts that will be very useful
in the study of Betti numbers of Artin level algebras. (cf. [6, Theorems 3.6.17 and
3.6.19] for (i)—(v) and Froberg and Laksov [10] for (vi)—(viii).)

Proposition 2.2. Let M be an artinian finitely generated graded R-module. Then the
following hold.:
(i) MY is artinian and finitely generated.
(i) Exth(M,wgr)=0 for i<r.
(iil) MY Y Exth(M, wg).
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(iv) If F, is a minimal free resolution of M, then F¥ is a minimal free resolution
of M.
(v) Tor®(M,k)g = Tot® (MY, k),_4, for i=0,1,...,r and d € Z.
(Vi) ni;<ny g and ny;<np,, i1, for i=0,1,0.r — 1.
(vii) The numerical characters of M determine the Hilbert function of M by

Hlle(z)—Z Z (_l)l 2.2)

=0 j=I

(viii) If the numerical characters of M satisfy ny ;<n iy, for 0 <i<r. Then they
are determined by the Hilbert function of M.

We recall some notation for the Koszul complex, which is a minimal free resolution
of k over R (cf. [6, Section 1.6]).

Definition 2.3. Let W be a vector space of dimension r over & with a basis given by
{e1,e2,...,e,}. Then we can define the Koszul complex, K,, of x1,x,...,x, as follows:

For any i=1,2,...,r, define K; = /\i W & R(—i) and define the R-linear map ¢;:
NWOR—)— N~ WeR(—i+1) by

i
Silej Nep A Aepy=Y (=D ley A Aéj A Ne B, (2.3)
=1

We will use the notation ¢;, ;, .., =e€;, Ae, A --- Ae; for the natural basis elements
in A" W. Furthermore, we will write .#(i) for the set of ordered i-tuples (i, /2,..., /i),
with 1 Sjl <jp< .o <j; <r.

Since the Koszul complex, K,, is a minimal free resolution of £ as an R-module it
gives us the possibility to compute Torf(A,k) as H{(A4 ® K,).

We will need the following two propositions, proved by Cavaliere et al. [8, Propo-
sition 1; 9, Proposition 1.3].

Proposition 2.4. Ler ey, e;,...,e, be a basis for the vector space W and let K, be
the Koszul complex defined in (2.3). Then we have that a basis for the image of
5i:/\i WeR, —»/\i_1 W @R, is given by the images of e, A --- Ne;, @m where
J1<ja<- - <j and m is a monomial of degree t in the variables x;,x; 11,...,x,.
The dimension of im(6;) is ("1 (1),

Proposition 2.5. Let [ be a homogeneous ideal in R of initial degree t and let A =R/I.
Then we have

Torf(A,k)iy, 1 = ker(n) Nker(d;—y) for i=2,3,...,r, (2.4)
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where 0 is the map /\"_1 W&OR — /\"_2 W QR,, of the Koszul complex and = is
the quotient map N ' W @R, - N~ W®4,

We also recall that there is a homological criterion on an Artin algebra to be level
(cf. [10]).

Proposition 2.6. Let A= R/I be a graded Artin algebra. Then there is an isomorphism
of graded R-modules Soc A(—r) —— Tor®(4,k). In particular, 4 is level if and only
if there is an integer ¢ such that Tor®(4,k)y =0, for d #r +c.

Remark 2.7. Proposition 2.6 provides us with an alternative definition of level alge-
bras, which is useful even in the higher dimensional Cohen—Macaulay case. We can see
this from the isomorphisms between the Tor,-modules of 4 and the ToriR/-modules of
the artinian reduction 4’ =4/(ay,as,...,a,) of A, where R =R/(y(, ¥2,...,¥s), and
yj—a;, for j=1,2,...,n. In fact, we have that if F, is a free resolution of 4,
then F, @z R’ is a free resolution of 4’ and the result follows since F, Qpk =
Fo@r(R' ®p k)= (Fe @rR') @r k.

3. Betti numbers of compressed Artin level algebras

In the following sections we will investigate the Betti numbers of compressed Artin
level algebras. Because Proposition 1.4 tells us that the generic Artin level alge-
bra is compressed, which means that the Hilbert function is known, it is tempting
to suggest that the situation for the Betti numbers is similar. This is true in the
sense that all generic compressed Artin level algebras, of given embedding dimen-
ston and socle type, have the same Betti numbers. The difference from the case of the
Hilbert functions of compressed algebras is that is not so easy to determine these Betti
numbers.

We start by examining a very special case of compressed Artin level algebra which
can be expressed as R/m*! where m is the irrelevant maximal ideal of R. Thus we
have that the initial degree of the kernel R — A is ¢ + 1. The reason why we treat
this case separately is that it will be convenient to assume that the initial degree of
compressed algebras is at most ¢, where ¢ is the degree of the socle.

Proposition 3.1. Let A=R/mt!. Then Tor®(4,k) is concentrated in degree i+c, for
i=1,2,...,r and the Betti numbers of A are given by

. i— 1 :
b; = dimy; Tor® (4, k)se = (C+’ )(c”) for i=1,2,...,r. (3.1)

i—1 r—i

Proof. Since the socle of 4 is contained in degree ¢ we have from Proposition 2.6
that Torf(A,k) is concentrated in degree ¢ + r. The generators of the ideal m all
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have degree ¢ and therefore Torf(4,k) is concentrated in degree ¢ + 1. Now it fol-
lows from Proposition 2.2(vi) that Torf(A,k) is concentrated in degree i + ¢ for
i=1,2,...,r.

We now use Proposition 2.5 to compute the Betti numbers of 4. The quotient map
n:/\i_l W &R H/\’;1 W @A, is the zero map since the kernel is all of R..
Hence we have that Tor(4,k) = ker(d;_,)=1im(J;), whose dimension is given by
Proposition 2.4. [

We can now give a homological criterion on a level algebra to be compressed (cf.
[10, Proposition 16] for one direction).

Proposition 3.2. Let A=R/I be an Artin level algebra with socle in degree ¢ and
let t be the initial degree of 1. Then A is compressed if and only if TorR(4,k) is
concentrated in degrees t +i — 1 and t + 1, for i=1,2,...,r — L.

Proof. We note that Tor|(4,k)=0 in degrees less than ¢ is equivalent to say that
dim; Ay = dim; R; for d <t. Let s = dimy Soc 4 = dim; A.. We now look at the dual
module 4Y(—c¢). We have that this module is a quotient of R°, which means that
TorR(4V(=c),k)=0 in degrees less than ¢+ 1 —¢ if and only if dimg 4Y(—c)y = dim,
R’ =s dimy Ry, for d <c + 1 —¢. Using Proposition 2.2(v) we see that

Torf(4Y(—c), k) =Torf | (A.k)re—a- (3.2)

Hence Tor® |(4,k)=0 in degrees greater than r — | } ¢ is equivalent to the condition
that Torf(AV(—c),k)zo in degrees less than ¢+ 1 —¢. But this is equivalent to say
that dimy AY(~c)gs = s dimy Ry, for d <c+1—t. Moreover, dim; AY(—c)y = dimy 4._,.
Hence we have that Tor,’il(A,k):O in degrees greater than r — 1 + ¢ is equivalent to
dim; Ay =5 dimy R._y, for d >t — 1.

By Proposition 2.2(vi) we have that Tor,R(A,k) is concentrated in degrees i+¢—1 and
i+t,fori=1,2,...,r—1if and only if Tor®(4,k); =0, for d <t and Tor® ,(4,k), =0,
ford>r— 1+t

By the argument above, the latter conditions are equivalent to say that dimy Ay =
dimy Ry, for d=0,1,...,t— 1 and that dim; A, =s dim; R._y4, for d=1t,t + 1,...,c.
Hence the proposition follows. [

Because of the special form of the Hilbert series of compressed level algebras we
are able to use Eq. (2.2) to get the following proposition. There is a similar result for
short graded algebras due to Cavaliere et al. [9, Proposition 1.6].

Proposition 3.3. Let A=R/I be a compressed graded Artin level algebra of embed-
ding dimension r with socle in degree ¢ of dimension s such that the initial degree
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of 1 is t. Then we have that

dimy TorR(4, k)1 — dimy Tor® (4, k)i

t—1+i-1 t—1+r c—t+r—1i c—t+vr
= -5
i—1 r—i r—i i—1 ’
fori=1,2,...,r. (3.3)

Proof. Because of Proposition 3.1 we can assume that + < ¢. We will use the identity

I
(e S () () on
d=0

By Proposition 2.2(vii) we have that

r b; r oo
(1 —zY Hile(z):Z Z(—l)’é"/‘" = ZZ(—l)" dimy Torf(4,k)4z?.  (3.5)

i=0 j=1 i=0 d=0

Since 4 is compressed we have dimy 4g =min{(" l+d),s (i “}}, which yields that

(1 —z) Hilby(2) (l—z)Z( Hd) +v(1—z>Z< rde>

(3.6)
Since ¢t < ¢ it follows from (3.4) and (3.6) that

(1 — zY Hilbs(z)

Z’ (=1 4i=1\ [(t—1+r .
:l ‘1’ ZI—1+I
+i:l( )< i—1 )( r—i )
, ) L —t+i—1 c—t+vr -
K *lrr+( _lr r+c _ i c t—c—i
S s 2 1)( o )( o )z

_1_"_5( )V"TC

: At 14+i—1\ [t—1+r
()
i=1
B c—t+r—i c—It+r i1
e [CRSt0) ER
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From Proposition 3.2 we have that, for i=1,2,...,r — 1, the last sum in (3.5) is
taken from d =1 +i— 1 to d =t + i. Hence it becomes

r—1
I+ (=1) dimy Torf(4, k)2
i=1
r—1
+ 3 (1) dimg Torf (4, k)i 2 + s(— 1Y 72, (3.8)

i=1

The proposition now follows from equating the coefficients of z'**~! in Eq. (3.8) with
the same coefficient in the final expression of (3.7). O

Because of Proposition 3.2 it is convenient to introduce the following notation.

Notation 3.4. Let 4 be a compressed Artin level algebra of embedding dimension r.
Then we define b’ = dim; Tor®(4, k)4, and b = dim; Tor®(4,k)iy,, for i=1,2,...,
r—1. We sometimes express the Betti numbers of a compressed Artin level algebra as

A
<b’,’ by ... noy (3:9)

r—1

Definition 3.5. Let A =R/l be a compressed graded Artin level algebra of codimension
r with socle of dimension s in degree c¢. Then A is extremely compressed (cf. [10])
if there is an integer dy such that

r—1-+dp r—14+c—dp
=s (3.10)
r—1 r—1
Observe that, since A4 is compressed, the initial degree of [ is t =dy + 1.

The following proposition is a special case of a result by Buchsbaum et al. [16,
Proposition 4.1], where they prove that under certain numerical conditions on the socle
type of a compressed algebra the resolution becomes alimost linear which means that
all the maps in the resolution is of degree 1 except for the first and the last. See also
[10, Proposition 16].

Proposition 3.6. Let A=R/I be an extremely compressed Artin level algebra. Then
we have that n;; =t +1i— 1, for all i,j, where t is the initial degree of I.
Furthermore, the Betti numbers of A are

t—14i-1 t—1+4 c—t+r—iN\fc—t+r
b= ’ g NCRTY
i—1 F—i r—i i—1

fori=1,2,...,r— 1L
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3.1. Existence of generic Betti numbers for level algebras

As we saw in Proposition 3.6 the Betti numbers of an extremely compressed level
algebra are uniquely determined by the Hilbert function, or by the embedding dimension
together with the degree and dimension of the socle. We could hope that this is the
case also for compressed level algebras in general, but this is not true. There are many
possibilities for the Betti numbers of compressed level algebras with the same Hilbert
function.

However, inspired by Proposition 1.4, we will prove that there are generic Betti num-
bers of compressed level algebras, in the sense that these Betti numbers are obtained
by A=R/ P, o(V :R)a, for a generic subspace ¥ C R.. More precisely, we will prove
that there is a non-empty open set in the Grassmannian parametrizing all codimension
s subspaces of R. such that all algebras A=R/EP, (V' :R)s with V in this open set
have the same Betti numbers. This is not very surprising and the hard problem is of
course to actually find these generic Betti numbers. The situation is similar to the case
of the coordinate ring of a generic set of points in projective space as we will see in
Section 3.4.

The way we will prove the existence of generic Betti numbers is to produce a matrix
with generic coordinates such that the rank of this matrix determines a certain Betti
number (cf. Cavaliere et al. [9, Proposition 2.1].)

Definition 3.7. Given integers s and ¢. Let n},,j ), J=L12,...,5, me 4. be independent
variables over k. Let ¢ be the least positive integer such that s(“~/7 7"} < ("7 "). We

define s(’;:ff*’) X (’jlj[l*l)-matrices Ay,...,A,, as block matrices built by s blocks

Aj(-[), for I=1,2,...,s, where (A;”),,,/’,,, O for all m' € M., and all me.#,_,.

= nx,m’m’

Furthermore, for i=2,3,...,r — 1, we define a block matrix M; with (,”,) x (/)

{

blocks 4, s where a € #(i — 1) and f € (i) (recall (i) from Definition 2.3). These
blocks are defined by

(—D" A, i B=ngasenji) and a= (s dpnee s ji)s
Ay ) A ! B=0vg20Ji) Jtseeendise-oai) (3.12)
0 if adZ .
We observe that the entries of M, are given by
(D) i a= e i),
(M) oo = e ’ (3.13)
0 ifag B,

where f=(/,/2,-..,/i)-

We sometimes want to specialize the variables nf,,j ' to elements 1)) in k. We will
then denote the resulting matrix by M/.

Recall from Definition 2.3 that for = (1, /2,...,/;) € (i) we denote e;, A---Ae;
by &,.
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Proposition 3.8. Let A=R/I be an Artin level algebra with socle of dimension s in
degree ¢ and let V =1. be given by

V:{ > Eum

me. 4,

> i, =o, forj:l,2,...,s}, (3.14)

me.#,

for some elements i, J=102,...,s, m€ #, of k. Then we have that ker(r)Nim(J;)

Jrom Proposition 2.5 is given by all elements of the form

> EBsi(ep) (3.15)
me.#,_,
pev()

where éff) ek, for me #,_ | and B € F(i), satisfying

Z (M) jom (g E =0, (3.16)
me.#
e ()

for ac S — 1), 1<j<s and m' € M, _,.

Proof. The image of the map J;: /\i WRR_— /\i_l W R R, is generated by the set
{moi(eg) | me M,—y, peF(i)}. We now look at the map 7: N'weRrR - N'w
® A;. By Proposition 1.2, the kernel of the map R, — A4, is given by (V : R);, which in
coordinates is the set of elements Zme,,l &.m, such that

> iém=0 forall j=1,2,....s and all m' € .4, _,. (3.17)
meE. 4,

Hence we have that ker(mn)Nim(d;) is given by the set of elements

Y EPmoi(ep), (3.18)
me._
e (i)

where &) €k, for all f€ (i) and all me .#_,, such that

i
Yo > =D e A né A A EPAT, =0, (3.19)
me.My_ 1=
peS (i)

for all j=1,2,...,s, and all m’ € #._,. Eq. (3.16) is a reformulation of (3.19) using
the matrix Mf. O

Proposition 3.9. Let A =R/l be an Artin level algebra with socle of dimension s
in degree ¢ determined by the elements M ek, for j=1,2,....s and m€ M, as in
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Proposition 3.8. Then we have that

, t—1+i-1 t—1+r .
b = — rank M/, (3.20)
i—1 r—i
c—t+r—i c—t+r .
R T
r—i i—

for i=2,3,...,r— 1

Proof. The Betti numbers b are given by the dimension of ker(m)Nim(Jd;) by
Proposition 2.5. Since dimy im(6;)= (’_:j’i_l)(’:ljr), by Proposition 2.4, and since
ker(m)Nim(J;) is given by (3.16), the first assertion follows from the dimension the-
orem for vector spaces. The second assertion is a consequence of the first assertion

together with Proposition 3.3. [

Corollary 3.10. There is a non-empty open set U in the Grassmannian parametrizing
all codimension s subspaces of R., such that the Betti numbers of the level algebra
A=R/ @ oV :R)4 are the same for all V in U.

Proof. We can restrict our attention to compressed algebras, since these are para-
metrized by a non-empty open set (cf. Proposition 1.4) of the Grassmannian. Hence
we have, by Proposition 3.3, that the Betti numbers b; are determined by the numbers

b} and b |, for i=2,3,...,r — 1. By Proposition 3.9 we have that these numbers are
given by the rank of the matrices M;.
We now introduce the polynomial ring S:k[n,(,,l), n,(,,z),...,nf,f)],,,e,,ﬂ, where nf,,“ are

independent indeterminates over k.

For each i =2,3,...,r — 1 there is a greatest integer N; such that there is some non-
zero N; x N;-minor of M;. This means that there is a non-empty open set U’ in the
affine space with coordinate ring S such that rank A/I,-(}t,(,,j )) =N; for (if,,j )) in U’. Hence
there is a non-empty open set U in the Grassmannian parametrizing codimension s
subspaces of R, such that ¥ € U implies that the Betti numbers of 4 =R/ @2 ,(V : R)u,
are given by b= (""11"H (") N O

i—1 r—i

3.2. Conjecture on the generic Betti numbers of compressed algebras

After having established the existence of generic Betti numbers of compressed level
algebras, we would like to determine these numbers. We conjecture that the generic
Betti numbers are as small as we can hope for, that is that there are no relations
between the rows and columns of the matrices described in the previous section except
for the ones given by the Koszul complex.

In order to prepare a guess for the generic Betti numbers of compressed level alge-
bras, we will study the numbers that occur in Proposition 3.3. Therefore we introduce
the following notation.
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Notation 3.11. For any positive integers r, s and ¢ we define the sequence of numbers
d],dz,...,dr by

t—1+i—1 t—1+r
i—1 r—i
c—t+r—1i c—t+r
~s< )( ) fori=1,2,...,r, (3.22)
r—i i—1

where ¢ is the least positive integer such that ('f:‘ll) >s(“‘it'|_l).

By Proposition 3.3 we have that b] — b’ | =d,, for i=1,2,...,r. Since b;>0 and
b/’ >0 for all i, we have that they are simultaneously minimized if one of &] and b ,
is zero for each i. That means that we have b, =max{0,d;} and 5! |, =max{0,—d,}
forall i=1,2,...,r.

It is also possible to see the problem of finding the generic Betti numbers as a
problem of finding the maximal possible rank of the matrices M; defined in the pre-
vious section. Since the dimension of im(3;) is (~1*7')(*>'*") by Proposition 2.4
we have that rank M; < ("7 77")("~!*"). By symmetry we have the same kind of
relations between the rows of M, as between the columns, and we therefore have that
rank M; <s(°~/*"77) (,"1"). These two inequalities for the rank of M; show that the
dimension of the null space of M; is at least max{0,d,}.

By Proposition 2.2(vi) we have that ny ; <n; ;. This means that b/ =0 implies that
b/, =0. Hence, if max{0,d;} is to give plausible candidates for the Betti numbers of
A, we must have that d;,; <0 whenever d;<0. This is the case as we can see in the

following proposition.

Proposition 3.12. Given positive integers v, s and c, there is an integer iy such that
d;>0 for i<iy and d; <0 for i>iy.

Proof. If t =c+ 1, the second term of d; vanishes for i=1,2,...,r — 1. Hence we can

assume that ¢ <c.
We see that dy=("""7") — s(”*’.*"_'), and d, = ("”’_1) —s(“77"). Thus the

r—1 r—1 r—1 r—1

definition of ¢ yields that d; >0 and d,<0. Now we write the exptession for 4; in a
new fashion.

t—1+i—1 t—1+r c—t+r—i c—t+r
d;i= . R — S . .
i—1 r—i r—1 i—1
(—-1+i—=1NeE—-1+r)

T D= DI =L+ D) =)

(c—t+r—dDlc—t+r)
=l —nDli-Dlct+ L —t+r—i)
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B tHt—14+r) r—1Y\ (c+1—-t)c—t+r) (r—l)
T +i)t!(r—l)!(i—1> Setl—t4merl—nr—\i-1

r—1 t—1+r t c—t+vr c+1—1¢
= —_ _—— 1. (323
(il)K r—1 )t+i—l S( r—1 )c+1—t+r—J (3-23)
It is now easy to see that the expression inside the brackets at the last step of (3.23) is
decreasing in i, since it is a difference between a decreasing function and an increasing

function. The assertion of the proposition follows because the factor outside the bracket
1s positive.

Conjecture 3.13. Let k be a field of characteristic 0. Assume that » >3 and that ¢> 1.
Let ¥ be a subspace of R, of codimension s in general position and let 4 =R/l where
1= @, ,(V :R)4. Then the Betti numbers, b; =b; + b, of 4 are given by

; t—1+4+i—-1 t—1+r c—t+r—i\fc—t+vr

b; =max< 0, . . -5 . . ,
i—1 r—1 F—1 i—1
_ i _ B R _

b =max] 0,5 c t-l—l.' i—1 c t‘—l—r (¢ .—{-z t 1.—|—r ’
r—i—1 i i r—i—1

(3.24)
for i=1,2,...,r — 1, where ¢ is the initial degree of /.

Remark 3.14, In Sections 3.3 and 3.4 we will show that Conjecture 3.13 can be proved
in some cases and in Section 4 we will present computer generated evidence for the
conjecture. In fact, we would not have stated the conjecture if it had not been for these
examples.

We can also formulate the conjecture in the following way: there exists an integer i
such that b/, =5/ =0. If such an integer exists, we have by Proposition 2.2(viii) that
the Betti numbers are determined by the Hilbert series. Hence the Betti numbers must
be the ones given in Conjecture 3.13. Moreover, by Proposition 3.12, the converse is
also true.

We will now give a couple of examples to show that Conjecture 3.13 does not hold
if the assumptions on the embedding dimension and on the characteristic are dropped.

Example 3.15 (¢f. Schreyer [19]). Let r =5, s=1 and ¢ =2¢— 1. Thus we are in the
Gorenstein codimension 5 case with socle in odd degree. The rank of the matrix Mj is,
according to Conjecture 3.13, supposed to be (‘~1*2)('71") = LHDUEED - yhich
is odd if £ =2 (mod 4). However, in characteristic 2 we have that M3 is anti-symmetric
— in a suitable ordering of rows and columns. Hence the rank cannot be odd and M,

drops rank by at least 1.
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Example 3.16. Let r=3, s=1 and ¢ =2¢—1. By a result by Buchsbaum and Eisenbud
[7, Corollary 2.2] the minimal number of generators of a Gorenstein ideal of codimen-
sion 3 has to be odd. According to Conjecture 3.13, the number of generators would

be (")) = (T3)(TA) =1 + 1, which is impossible if ¢ is odd. Hence

there has to be at least one generator in degree ¢+ 1 if ¢ is odd.

3.3. Connections to generic forms

In some cases we have that the generic Betti numbers are obtained by algebras which
are quotients of R by generic forms. In these cases we can use a result of Hochster
and Laksov [15, Theorem 1] to verify Conjecture 3.13. Here we state a slightly weaker
result than the one proved in [15].

Proposition 3.17. If' V is a subspace in general position in R. with rdim; V <
dimy R.;\. Then there are no linear syzygies among the generators of V.

Lemma 3.18. Let V be a codimension s subspace in general position in R.. If rs>
dimy R._ then there are no generators of @, ((V :R)y in degree less than c.

Proof. From Proposition 1.4 follows that
codimg((¥ : R)e—1. Re—1) = min{dimy R._,,rs}. (3.25)

Hence codimi((¥ :R).—1,R.—1)=dimy R.—; and (¥V:R).—; =0, which proves the
lemma. O

Proposition 3.19. Proposition 3.17 is equivalent to Conjecture 3.13 in the case where
rdimk VS dlmk Rc+l<

Proof. Assume that »>2. Let ¥ be a subspace of R, such that » dimy V < dimy R.4¢
and let / = @, o(¥V :R)y. Then we have that

rs = r(dimyg R, — dimy V) > rdimg R, — dimy Ro4y
-1 1 —1
:(r—(r tet )>r +cdimkRC_1
c+1 c

_(r=D(r—-1+4¢)
o c+1

dimy R._, > dimy R._1, (3.26)

since »>2. Hence we can apply Lemma 3.18 to see that the initial degree of [ is c.

From Proposition 3.17 we get that b, =0 since there are no linear syzygies among
the forms of degree ¢ in /. Thus the Betti numbers of 4 = R// have to be minimal
given the Hilbert function and therefore Conjecture 3.13 holds in this case.
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On the other hand if the conjecture is true, we get that

c—1+vr
b’zzmax{O,dz}:max{O,c< )—sr}, (3.27)

r—2

which is zero since c(":’:‘ ) =rdimy R, — dimy Reyy = r(s + dimy V) — dimy Reyy <rs.

Hence Proposition 3.17 is a consequence of Conjecture 3.13 in this case. [
3.4. Connections to generic points in projective space

There is a conjecture similar to Conjecture 3.13 for a generic set of points in pro-
jective space. This conjecture was stated by Lorenzini [18] and is usually called the
Minimal Resolution Conjecture, or MRC for short. Another conjecture concerning ide-
als of generic points is the Ideal Generation Conjecture, 1GC, formulated by Geramita
and Orecchia [13]. The MRC implies the IGC. There are cases where the MRC seems
to be false, e.g. 11 points in general position in P®, where no calculation so far has
given the conjectured Betti numbers. However, it is not yet proved that this is re-
ally a counterexample. To do this one has to prove that the open set where the Betti
numbers are the expected ones is empty, which cannot be verified with only a few
examples where random points fail to have these Betti numbers. There are no known
counterexamples to the IGC.

Setup 3.20. Let X be a set of n points in P". Then the homogeneous coordinate ring
A of X has dimension 1 and its Hilbert function is bounded above by max{n,dim; S},
where S = k[x¢,x|,...,x,] i1s the homogeneous coordinate ring of P”. If X is in generic
position the Hilbert function of 4 is equal to max{n,dim; S;}. We can assume that
no points of X lie on the hypersurface xo =0, so that x; is not a zero-divisor in A.
Let R=4k[x),x2,...,x.]=5/(x0). Let c be the least integer such that (') >n and let
s=n—(""""). We then have that s < (") — (= (71,

It is easy to see that the Hilbert function of the artinian reduction B=A4/(xy) in the
generic case is equal to the Hilbert function of a compressed Artin level algebra. In fact
we have that Hz(d) = Hgp(d), for d <c, Hp(c)=s and Hg(d)=0, for d>c. If B is a
level algebra, we have the inequality Hg(d) < min{Hg(d),sHgr(c—d)}. In particular we
have that Hp(c — 1)= Hg(c — 1) <sHg{1)=sr. It follows from the following theorem
due to Trung and Valla [21] on the Cohen—Macaulay type of the coordinate ring of a
set of points in generic position that it is also true that B is level if this inequality holds.

Theorem 3.21 (Trung-Valla [21]). Let B be the Artinian reduction of the coordinate
ring A of a set of n generic points in P’. Then

. r4+c-2 r+c—1
dim; Soc(B)._; = max- 0, | +r —rnyp, (3.28)
r— F

where ¢ is the highest degree such that B. #0.
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Corollary 3.22. If Hp(c — 1)<rs the coordinate ring of a set of n generic points in
P7 is a compressed level algebra with socle of dimension s in degree c.

Proof. Since we have that s=n ~ ("""} we have from the theorem that
dim; Soc(B) =max{0, Hg(c — 1) — sr}. (3.29)
Hence we get that Soc(B).—; =0 if the assumption of the corollary is satisfied. Since

Hp(c—1)=Hg(c—1), we have that the socle is a priori located in degrees ¢—1 and c,
it follows that B is a compressed level algebra. [J

Conjecture 3.23 (Minimal Resolution Conjecture, Lorenzini [18]). Let A be the ho-
mogeneous coordinate ring of a set of n points in generic position in P”. Then there
exists an integer ¢ such that Toer(A,k)m, =0 and Torf_l(A,k),-H.,l =0, where ¢ is
the least degree for which n < dim; S,.

Thus the MRC gives the same Betti numbers as Conjecture 3.13 in the case described
in Corollary 3.22. It it follows that under these circumstances the MRC implies
Conjecture 3.13.

Since the MRC is proved for some values of # and n we have that Conjecture 3.13
is also proved if n satisfies the condition in Corollary 3.22.

The Minimal Resolution Conjecture has been proved in the following cases:

For any number of points in P? by Geramita and Maroscia [12].

For any number of points in P> by Ballico and Geramita [1].

For ("3*) — r points in P" by Lorenzini [18].

For r+ 1, r+2, r+ 3 and » + 4 points in P” by Lorenzini [18], by Geramita and
Lorenzini [11] and Cavaliere et al. [8].

e For <9 and n<50, except for the cases (r,n)=(6,11), (7,12) and (8,13), by

Beck and Kreuzer [3].

o For large numbers of points in any P’ by Hirschowitz and Simpson [14].

3.5. Generic Betti numbers of Gorenstein Artin algebras in embedding dimension 4

We now prove that Conjecture 3.13 holds for Gorenstein Artin algebras of embedding
dimension 4. For this we will use that the Minimal Resolution Conjecture has been
proved in P° and that the canonical module of the coordinate ring of points can be
identified with an ideal of the ring itself. Assume that the characteristic of k£ is 0.

Proposition 3.24. The generic Betti numbers of a Gorenstein Artin algebra of
embedding dimension 4 with initial degree t and socle degree 2t—1 are

(%) (-1 o

’ (3.30)
o (-1 (P
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Proof. We will use the result of Ballico and Geramita [1] which shows that the
Minimal Resolution Conjecture holds for points in P3. We first show that there is
a set of points in generic position in P3 whose Betti numbers are given by

b, b, 0)
. (3.31)
<0 by b'3'

Let X be a set of (’7".“) +s points in generic position in P*. Let R =[x, x1,x2,x3] be
the homogeneous coordinate ring of P* and let A(X)= R/I(X) be the coordinate ring
of X. Then the initial degree of the ideal /(X)CR is t. Since the Minimal Resolution
Conjecture holds in P, or in fact by Theorem 3.21, we have that T0r§(A(X ), k) is
concentrated in degree ¢ + 3, i.e. b5 =0, if

(’erl)—_?)sgo. (3.32)

Furthermore, by the same result, Torf(A(X ),k) is concentrated in degree ¢, i.e. b =0,
if there are sufficiently many generators in degree ¢ to span the ideal in degree ¢ + 1.
That is, if

()= (13). o

The inequalities (3.32) and (3.33) together show that the Betti numbers of 4(X') have
the form (3.31) if

(¢ + 1)t <s< z(t+2).
6 — — 3
There has to be an integer s in this range if ¢ > 2, since the length of the interval is
1t + 3)/6.
Now we use the fact that the canonical module wy of A(X) can be embedded as an
ideal wy C A(X) of initial degree ¢ (cf. [4]). This means that we have a short exact
sequence

(3.34)

0 — oy — AX) - 4 - 0, (3.35)
and the corresponding long exact sequence of Tor® splits up in the following way

— Torf(4,k) — Tor¥(wx,k) — 0

Tor®(4(X),k) — Torf(4,k) — Torf(wy,k) — 0

Torf(A(X ), k) — Torf(4,k) — Torf(wx,k) — 0, (3.36)
TorR(A(X ), k) — Torf(4,k) — Torf(wy, k) — 0

0
0
0
0
0 — Tork(4(X),k) — Torf(4,k) — 0

Ll

since Tor¥(wy, k) lies in degree 27+ 3, Tors(A(X),k) and TorX(wy,k) lie in degree
t+3, Tor¥(4(X),k) and Torf(wy,k) lie in degrees ¢+ 1 and ¢ + 2, Torf (4(X),k) and
Torf(wy) lie in degree ¢, and Torf(4(X),k) lies in degree 0. In this way we can
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compute the Betti numbers of 4 in terms of the Betti numbers of A(X). In partic-
ular, we see that Torf(A,k) is concentrated in degree f, Torf(A,k) is concentrated
in degree t+3. It follows from Proposition 2.6 that 4 is a Gorenstein Artin algebra
with socle in degree 2t — 1, since Torf(4,k)=k(—2t — 3). Hence by Proposition 3.2,
we conclude that A is compressed. The generic Betti numbers are now given by
Proposition 3.3. [

4. Computational evidence for Conjecture 3.13

The main reason for stating Conjecture 3.13 is that it holds for a great number
of examples. Most of those are obtained by computer experiments by means of the
computer algebra system Macaulay [2]. Since the conjecture concerns the generic Betti
numbers of compressed algebras, it suffices to find one algebra for each set of para-
meters (r,c,s) whose Betti numbers agree with the conjectured Betti numbers. We can
by some observations about the generic Betti numbers of level algebras reduce the
number of cases to consider dramatically. More precisely, we only have to check the
conjecture for a few values of the socle dimension s for each choice of embedding
dimension r and socle degree c.

In this section we will give a list of the cases where the Conjecture 3.13 has been
verified by computer calculations.

4.1. Theoretical tools for the computations

Since the computations of resolutions by Grobner bases are rather time consuming,
it is valuable to reduce the number of such calculations to a minimum.

First we observe that for fixed » and ¢, we can find pairs of integers 5, and s, such
that if the conjecture holds for (#,¢,s;) and for (r,c,s2) then it holds for all (r,c,s)
with s between s; and s;.

Moreover, we do not need to compute all the Betti numbers to verify the conjecture,
but only the linear part of the resolution, or the numbers b}, for i=1,2,...,r — 1.

Lemma 4.1. Let A=R/I and A’ =R/I' be compressed level algebras with parameters
(r,c,8) and (r,c,s") respectively and whose Betti numbers are the generic Betti num-
bers. Suppose that the initial degree of I and I' is t and that s<s'. Then we have
that

dimy Tor®(4, k), > dimy TorR(4",k )iy, -1, (4.1)
dimy Tor®(4, k)., < dimy Tor®(4',k)iy (4.2)
fori=1,2,...,r

Proof. We recall from Definition 3.7 the matrices M;. Let M; and M/ be the ma-
trices corresponding to the integers s and s, respectively. Then we have that M, is
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a submatrix of M/, for all i=2,3,...,r. By Proposition 2.4 we can delete rows and
columns of M; and M/ so that their sizes are s (=77 (777} x ("IN (71) and

i\ 1 r—i i—1 i—] r—i
e p—j _ P —
STITEI) < (TG

By Proposition 3.9 we have that
dimy Tor®(4, k), — dimy Tor®(4’,k);4,—1 = rank M — rank M, > 0, (4.3)
where the inequality holds since M; is a submatrix of M/. Furthermore, we have that
dimy, Tor® | (4, k)iys—1 — dimy Tor® | (4, k)i

et — i —1t

=(s' —s)(c +).* l) (C ) Tr) + rank M; — rank M. (4.4)
F—i i —

When we have reduced the number of rows in M; and M/ as indicated above, we have

that the number of rows added in M] relative to M; is given by (s'—s)(“~'*" =) (*7"1")

Hence the rank cannot increase by more than this amount and the quantity in (4.4) is

non-negative. [

As a consequence of Lemma 4.1, we have that we only need to verify Conjec-
ture 3.13 for a few values of s for each choice of » and c. More precisely, if we
have that Tor®(4,k);;,—1 =0 for a generic level algebra with parameters (r,c,s), then
Torf(A',k)iy,—1 =0 for all generic level algebras A’ with parameters (r,c,s’) and
s’>s. In the same way we have that if Tor®(4,k);,, =0, for a generic level algebra
with parameters (7,s,c), then Tor[R(A’,k)H, =0 for all generic level algebras 4’ with
parameters (r,c,s') and s’ <s.

The application of these two implications is most easily illustrated by an example.

Example 4.2. Suppose that we have verified Conjecture 3.13 for the parameters
(r,c,5)=(4,4,6) and (4,4,11). This means that we have found compressed level
algebras 4’ and A" with resolutions

0 — R=7) — R'™(—6) - R¥(~4) — R¥™(-3) o R - A — 0 (4.5)
and
0 — R''(=7) = R*(—6) —» R(-5)®R(-4) —» R*(-3) > R — 4" — 0.
(4.6)

By the notation of 3.4 the Betti numbers of these algebras are

14 21 0O 9 1 0
(o 0 14) and (0 30 34)' .7
Now let 4 be a compressed algebra with the generic Betti numbers and parameters

(r,c,s)=1(4,4,s), where 6 <s < 11. Then we have from Lemma 4.1 that

dim;, Torf(4,k)s < dimy Torf(4’,k)s =0, (4.8)
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since s > 6, and that
dimy Torf(A, k)4 < dimg Torf(A”, k)3 =0, (4.9)

since s < 11. Hence we have that the Betti numbers of 4 can be written as

Y, b o)
. 4.10)
<o by By (

The Betti numbers of A are, by Proposition 2.2(vii1), determined by the Hilbert function
of 4 and the resolution of A verifies Conjecture 3.13. Hence we do not need to actually
compute the Betti numbers for 6 <s<11.

We will now give a summary of the cases where Conjecture 3.13 has been proved
by means of computers. All these calculations has been done by Macaulay and hence
modulo 31991. The results are therefore valid in characteristic 31991 and in charac-
teristic 0.

4.1.1. Gorenstein Artin algebras

The case of Gorenstein Artin algebras is probably the most critical one for
Conjecture 3.13. As we saw in Example 3.16 the conjecture is not even true for
Gorenstein Artin algebras in embedding dimension three. For even socle degree, there
is no problem since compressed Gorenstein Artin algebras of even socle degree are ex-
tremely compressed. Hence they have almost linear resolutions, by Proposition 3.6. We
have computed the Betti numbers of generic compressed Gorenstein Artin algebras for
several embedding dimensions and socle degrees and thereby verified Conjecture 3.13.
The results of these computations are displayed in Table 1.

4.1.2. Artin level algebras of higher socle dimensions

For higher socle dimensions than | there are no counterexamples to Conjecture 3.13
in embedding dimension 3 and we have therefore included these cases in the Table 2.
For the embedding dimensions and socle degrees in Table 2, we have verified the
conjecture for all possible dimensions of the socle, using Lemma 4.1.

Table 1 Table 2
Cases of compressed Gorenstein Artin alge- Cases of compressed Artin level algebras
bras of odd socle degree where Conjecture where Conjecture 3.13 has been verified
3.13 has been verified -
Emb. dim. Socle degree
Emb. dim. Socle degree 3 1<c< 18
5 3,5,7,9,11,13 4 2<c<10
6 3,5,7,9 5 2<¢<6
7 3,57 6 2<c<5
8 3,5 7 2<c¢<3
9 3 8 2<e<3
10 3 9 2<cx2
10 2<c<L2
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